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ABSTRACT: We consider a braneworld scenario with a black brane parallel to our brane,
aiming towards a Higgs phase of gravity in string theory. The existence of the black brane
spontaneously breaks the Lorentz symmetry on our brane but preserves the rotational and
translational invariance. If all moduli are stabilized then this should lead to a Higgs phase
of gravity. We investigate moduli stabilization by using a KKLT-type moduli potential in
the context of type IIB warped flux compactification.
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1. Introduction

Dark energy and dark matter are two major mysteries in modern cosmology. Although
more than 90% of our universe is filled with them, we do not know what they really are. In
this situation it seems rather natural to ask whether we can modify gravity in the infrared
(IR) to address those mysteries.

However, modifying gravity in the IR is not easy. For example, in massive gravity [
and the DGP brane model [}, it is known that a scalar degree of freedom becomes strongly
coupled at a rather low energy scale [{, f]]. If gravity is to be modified at and beyond the
present Hubble distance then the scalar degree of freedom becomes strongly coupled and its
dynamics is dominated by quantum corrections at and within ~ 1000km. This is similar
to what happens to a massive gauge theory, but the situation is worse. In a massive
gauge theory one can decouple the strongly coupled sector from the rest of the world by
tuning the gauge coupling to a small value. On the other hand, in the massive gravity
and the DGP model, the strength of interactions between the strongly coupled sector and
the rest of the world is set by the Newton’s constant and cannot be fine-tuned away. This
means that, as soon as the strong coupling appears, gravitational phenomena cannot be
properly described by those theories without knowledge about yet-unknown ultraviolet
(UV) completion. Since this issue in the UV is originated from the properties in the IR, it



is not totally clear whether it is possible to UV complete those theories without affecting
the IR behaviors.

In a gauge theory, it is the Higgs mechanism that gives a mass term to a gauge
boson and modifies a force law in a theoretically controllable way. Thus, it is natural
to apply the idea of the Higgs mechanism to gravity to modify its IR behavior. Since
the symmetry relevant to gravity is diffeomorphism invariance, the Higgs mechanism for
gravity should spontaneously break at least part of the diffeomorphism invariance. Note
that in gravitational theories, Lorentz breaking inevitably implies breaking diffeomorphism
invariance and, thus, a Higgs phase of gravity.

The simplest Higgs phase of gravity is the ghost condensation [[], including just one
Nambu-Goldstone (NG) boson. Because of the simplicity and the universality of the low
energy effective field theory (EFT), it is worthwhile investigating properties of the ghost
condensation, whether or not it leads to interesting physical phenomena. Fortunately, it
turns out that the physics in the simplest Higgs phase of gravity is extremely rich and
interesting. They include IR modification of gravity [fj, a new spin-dependent force [f],
a qualitatively different picture of inflationary de Sitter phase [, f], effects of moving
sources [, [0], intriguing nonlinear dynamics [[[1], [J], properties of black holes [[J—[F,
implications to galaxy rotation curves [E,@’ dark energy models [Ef@], stable viola-
tion of null energy condition [J], cosmological perturbations [RJ], other classical dynam-
ics [P4, Bg], attempts towards UV completion [, 7], and so on. In the ghost condensation
the strength of interactions between the NG boson and the rest of the world is controlled
by not only the Newton’s constant but also the scale of spontaneous Lorentz breaking M
in such a way that the interactions are completely turned off in the limit M /Mp; — 0.
Therefore, general relativity is safely recovered in this limit. In ref. [[J] it was argued that
the theory is compatible with all current experimental observations if M is lower than
~ 100 GeV. Therefore, the ghost condensation opens up a number of new avenues for
attacking cosmological problems, including inflation, dark matter and dark energy.

While phenomenologies of the ghost condensation are still under investigation, it is
certainly important to seek a possible UV completion.

To realize the ghost condensation without fine-tuning, we need to spontaneously break
the 4-dimensional diffeomorphism invariance times a global shift symmetry down to the
3-dimensional spatial diffeomorphism invariance times an unbroken global shift symmetry,
where the latter global shift is a combination of the former global shift and the time
shift. However, it is generally believed that all symmetries in string theory are gauged.
Therefore, it seems more plausible to obtain the ghost condensation as the neutral limit of
the gauged version of the ghost condensation, i.e. the gauged ghost condensation [2§]. To
obtain the gauged ghost condensation from the ghost condensation we replace the global
shift symmetry with a minimal gauge symmetry, i.e. U(1) gauge symmetry, so that no
global symmetry is needed. The ghost condensation can be obtained from the gauged
ghost condensation if we can fine-tune the gauge coupling to a sufficiently small value.
Some of low energy properties of the gauged ghost condensation, including the bound
M < Min(10'2 GeV, g2 10* GeV) for g? > g2, have been investigated in [R§]. Here, g is
the gauge coupling and g. = M?/2M3,.



The purpose of this paper is, as a step towards a Higgs phase of gravity in string theory,
to consider a braneworld scenario in which a black brane parallel to our brane breaks the
Lorentz symmetry on our brane. If all moduli are stabilized then this leads to a Higgs
phase of gravity in our world. From symmetry arguments, we expect that this is closely
related to the gauged ghost condensation.

The rest of this paper is organized as follows. In section f] we review the gauged ghost
condensation by deriving its low energy EFT. This makes it clear that the structure of
the EFT is determined solely by the symmetry breaking pattern. In other words, different
setups should result in low energy EFTs with the same structure if the symmetry breaking
pattern is the same. In section [} we investigate the dispersion relation of the NG boson
coupled with gravity and show that it exhibits Jeans-like instability if the gauge coupling in
the EFT is smaller than a critical value. We also point out a number of similarities between
the Jeans-like instability of the NG boson and the Gregory-Laflamme (GL) instability
of black branes [9, Bd]. Those similarities motivate a braneworld setup considered in
section f|. In section [l it is argued that, in (higher-dimensional) general relativity, a brane
with codimension more than 2 should form a black brane if the brane is sufficiently thin.
The string theory version of this statement is the correspondence principle for D-branes
and black branes [B], which plays a central role in the braneworld setup. In section [ we
also see close connections between extremality of a black brane and the Lorentz symmetry
along the world-volume of the black brane. Motivated by various considerations in the
preceding sections, a braneworld setup in string theory is considered in section f. Section fi
is devoted to a summary of this paper and discussions.

2. Gauged ghost condensation

The ghost condensation is the simplest Higgs phase of gravity in the sense that it contains
only one Nambu-Goldstone boson. The gauged ghost condensation is obtained by gaug-
ing the global shift symmetry of the ghost condensation Rg]. In this section we give an
alternative derivation of the effective field theory (EFT) of the gauged ghost condensation
based on a symmetry breaking pattern.

For the gauged ghost condensation, we assume the following symmetry breaking pat-
tern.

(i) The 4-dimensional diffeomorphism invariance and a U(1) gauge symmetry is sponta-
neously broken down. The residual symmetries are the 3-dimensional spatial diffeo-
morphism invariance, the time reversal symmetry and a U(1) gauge symmetry. The
residual U(1) is a combination of the original U(1) and the time reparameterization.

(ii) The background spacetime metric is maximally symmetric, either Minkowski or de
Sitter.

Our strategy here is to write down the most general action invariant under the residual
symmetries. This gives the effective action in the unitary gauge. After that, the action

in a general gauge is obtained by gauge transformation. The gauge parameter associated



with the broken symmetry actually appears in the action and is identified as the NG boson
associated with the spontaneous symmetry breaking.

For simplicity let us consider a Minkowski background plus perturbation: g,, = 1., +
hyw. We also consider a U(1) gauge field a,. The general infinitesimal diffeomorphism and
U(1) gauge transformations are 0hy, = 0, + 0,€, and da, = 0, x, where the 4-vector &
and the scalar x represent gauge degrees of freedom. The residual 3-dimensional spatial
diffeomorphism is given by

and transforms the metric perturbation and the U(1) gauge field as
5h00 = 0, 5h0@ = 8052‘, 5hz] = 615] + 6]‘5@" 60,0 = 60,@' =0. (22)

The residual U(1) gauge symmetry is characterized by

& (= &) = —ox(t.3), & =0, x=x(t.), (2.3)
and transforms the fields as
_ 2 _ 9 o _ O
dhoo = —0ox, Ohoi = —Vix, 5hzg =0, dag=0px, ba;=V;x, (2'4)

M M

where M is the scale of the spontaneous Lorentz breaking and g is the gauge coupling. On
the other hand, the choice

(= &) =n(t.7), £€=0 x=0 (2.5)
corresponds to the broken symmetry and the fields are transformed as
5h00 = —2307‘(', (5h0i = —61'71', (5hij = O, 5@0 = 5ai =0. (2.6)

Now let us seek terms invariant under the both residual gauge transformations (P.9)
and (@) They must begin at quadratic order since we assumed that the Minkowski
background is a solution to the equation of motion. The leading term (without derivatives
acted on the metric perturbations) is [ d#3dt Bgo, where

29

BOO = hoo — HCLQ. (27)

This is indeed invariant under both residual gauge transformations (R.4) and (2.4). From
this term, we can obtain the corresponding term in the effective action for the NG boson .
Since hgy — hgg— 29y under the broken symmetry transformation (R.6), by promoting 7 to
a physical degree of freedom we obtain the term [ dz3dt (iLOQ —20pm)?%. This includes a time
kinetic term for 7 as well as mixing terms. At this point we wonder if we can get the usual
space kinetic term (V)2 or not. The only possibility would be from (hg;)? since ho; — ho;—
V;m under the broken symmetry transformation (B.6). However, this term is not invariant
under either (R.9) or (B.4), and, thus, cannot enter the effective action. Actually, by acting
derivatives on the metric components, we can find combinations manifestly invariant under



the spatial diffeomorphism (R.2). They are made of the geometrical quantity called extrinsic
curvature. The extrinsic curvature Kj; of a constant time surface is K;; = (Ophsj — 6ihoj —
ﬁjhoj) /2 in the linear order and transforms as a tensor under the spatial diffeomorphism.
Indeed, it is invariant under the spatial diffeomorphism (R.2) since the background value
of the extrinsic curvature vanishes. Although it is not invariant under the residual U(1)
gauge transformation (R.4), it is possible to compensate the transformation of K;; with
that of derivatives of the U(1) gauge field. Indeed, the combination

f(ij = Kz‘j + i6(10, (2.8)
is invariant under both (2.3) and (R.4), where 6(2 ) = = (V; iaj+ \v az)/2 Thus, [ di®dt K>
and fdfgdt f(i]f(ij can be used in the action. Slnce KZ] — KU + V V ;m under the
broken symmetry (2:6), we obtain [ d#3dt (K + V27)? and [di®dt (K + V’VJW)(KZ] +
V,;V;m). The field strength F w = Opay, — 0yay, is also 1nvar1ant under both (.J) and (R.4).
Thus, [ di3dt Fy' Fy; and i dz3dt FY F;; can enter the action. These do not generate terms
involving the NG boson. Note that terms like [ di3dt Khgy are forbidden by the time
reversal symmetry.

Combining these terms, we obtain the effective action [ dz3dt L, where

M 1\ aM? /- - 2
L:T<607T+%a0_§h00> — 12 <V2w+%VaZ+K)

02 M (i 1 L0 4 K (997 + LS a + Koy

- (9 L ) (65 5+ )

1 . y

55y Foi — %F”Fij o (2.9)

Here, a2 and v; are dimensionless constants of order unity and we have normalized T,
a, and g so that the coefficients of the first and the fourth terms become M?/2 and 1/2,
respectively.

In deriving the effective action (R.9), all we needed was the symmetry breaking pattern.
As intended, this action agrees with the effective action obtained in ref. [R§] by simply
gauging the shift symmetry in the ghost condensation.

This action has the following symmetry:

9

h,uz/ - hm, + 8ﬂ£u + aug;u ay — ay + 8;LX, T =+ & — ﬂX’ (2'10)

where the gauge parameters £ and x depend on ¢ and Z. By using y, we can set ag = 0
and obtain the effective action

4 2 2, .. 2
L = M (807‘(' — hoo) — M (Vzﬂ' + iV’ai +K)

2 2 M

02 M (i 1 LG00d) 4 K (97 + LG a + Koy
— (V9 Ve + KV ( + Ve + K

1 4 g
+§30a230ai - %FUFU‘ + - (2.11)



This action has the following symmetry:

huu - huy + aué.y + 8V§M7 a; — a; + 6ZX(?))7 ™= T+ §0 - %X(s)a (212)
where x®) depends on Z but is independent of .
If the gauge coupling in the EFT is small enough then this reduces to the ghost

condensation [f:

asM?

(ViVim+ K7) (ViVm+ Kig) + - (2.13)

This action includes leading terms of the quadratic order only. Actually, it is possible
to show that nonlinear terms are irrelevant at low energies. To begin with, suppose that
the energy is scaled as E +— sE. Then, the time interval dt scales as dt — s~ 'dt. To
determine the scaling rule for the spatial interval dZ and the NG boson 7, we demand that
the leading action [ d#3dt L, with huw = 0 be invariant under the scaling. The results

are summarized as

FE — sE,
dt — s~ dt,
dz — s 1/24z,

Vg, (2.14)

TS

Note that the scaling dimension of 7 is not equal to the mass dimension 1 but is 1/4 [{. By
using this scaling, it is easy to identify the scaling dimensions of any nonlinear operators.
The leading nonlinear operator

/ A3 dt M*i(Vr)? (2.15)

scales as s'/4 and is irrelevant at low energies. All other nonlinear operators have scaling
dimension 1/4 or higher and, thus, are irrelevant. Therefore, those nonlinear operators
become less and less important as energies and momenta become low compared with the
scale M. Low energy dynamics of the NG boson is, thus, well described by the effective
action.

Going back to the action (B.1]]) for a non-vanishing g, the above power-counting anal-
ysis shows that at low energies and momenta, all nonlinear operators made of 7w and its
derivatives are irrelevant compared with the first three terms. On the other hand, the fourth
and fifth terms in (R.11) give leading kinetic terms for a;. Therefore, the action (R.11]) well
describes the low energy dynamics of the system.

In summary, (R.11) is the low energy effective of the gauged ghost condensation char-
acterized by the symmetry breaking pattern in the beginning of this section. The structure
of the effective action is universal since it is determined solely by the symmetry breaking



pattern. Different setups of Higgs phase of gravity should result in low energy EFTs of the
same structure if their symmetry breaking patters are the same. If the gauge coupling g
is small enough then the effective action is reduced to (B.1J) and agrees with that of the
ghost condensation.

3. Jeans-like instability and Gregory-Laflamme instability

The EFT (R.11]) should be coupled to Einstein gravity. As we shall see below, qualitative
behavior of the coupled system depends on whether the gauge coupling g is larger than a
critical value g. or smaller [R§]. For g?> > g2, the linear perturbation around Minkowski
background is stable. On the other hand, for g?> < g2, the coupled system exhibits a
Jeans-like instability for long wavelength modes as in the ghost condensation [f]. In the
end of this section we shall point out similarities between this Jeans-like instability and the
Gregory-Laflamme (GL) instability [R9, Bd] of black branes. This similarity is what will
motivate us to consider a scenario for a Higgs phase of gravity in string theory explained
in section f{.

Let us now derive the dispersion relation for the NG boson described by (R.17).
Since the 3-dimensional spatial diffeomorphism invariance is preserved, linear perturbations
around the background can be decomposed into scalar, vector and tensor type, according
to their transformation properties under the spatial diffeomorphism. In this section we
consider scalar-type perturbation.

For scalar-type perturbation, a; is written as a; = ﬁiaL, where aj, depends on ¢t and
7. By setting ag = 0 for simplicity, the action (R.11)) then reduces to

M4 1 2 OélMQ =3 g =9 2 1 = 9
L = T (807'(' — §h00> — 9 <V s —|— MV ary, —|— K) —|— 5(60VCLL) . (31)

Thus, the equations of motion derived from the total action [ d#3dt (Lgy + L) are

1
M}2>1G00 + M (3071’ — §h00> = 0,
M}2>1G0i — 041./\/(262‘ (6271' + %6261L + K> =0,
MglGij - 041./\/(280 (6271' + %6261L + K> 5ij = O,
8gaL — agM <627T + %6%@ + K) =0,

1 A 32 (&2 9 &2
o <807T — §h00> + Wv (V T+ MV ar, + K) = 0. (3.2)
In the longitudinal gauge

ds? = —(1+2®)dt® + (1 — 20)da2, (3.3)



the Einstein tensor and the extrinsic curvature are

Goo = 2V20,
Goi = 200V, 9,

1 hd - = 1 =
Gij =2 |030 + gv2(<1> - 1’)} Sij — (vivj - gv%zj) (@ — W),
Kij == —ao\lf6ij. (34)

Thus, the traceless part of the third equation of motion implies ® = W. The rest of the
equations of motion become

2M1%ﬁ?<1> + M*(Bym + )
2M1§180§,~<I> — 041./\/1261' <ﬁ2 V2aL - 380@

2M§18§ — 041./\/(230 <V27T + MVQG,L - 380(13

)
) =0
agaL — algM (6277 + MVQaL - 36(](1))
) =0

Ao(Bom + @) + V2 (Vir + L V2ay, — 30)0) = 3.5
o(Gom + @) + M + IR o (3.5)
The second and third equations imply that
2
19 =2 9 &2
0P = —7"7""— (V —V ) , 3.6
OT T T+ 3a192 MY (36)
where M
2 _
gs = IR (3.7)

The physical meaning of g. will be clarified soon. By substituting this to the fifth equation,
we obtain

2 ! 2 E =2 9 32 _
oy + T+ 31g <gc + ./\/l2> (V T+ MV aL> =0. (3.8)

Finally, by acting the operator [0 — a19262/(1 + 3a1g?)] on this equation and using the
fourth equation (with the substitution of (B.6)), we obtain

3 R p—— — - +E Vi1 =0 (3.9)
0" 143092 ¢ M2 ’ ’

Thus, by neglecting 3a1g? (< 1) in the denominator, this equation implies the following

%

dispersion relation:
- «a
w? = 041(92 - gg)kQ + Vg

where g, is defined by (B.7q). For the stability of modes with high momenta, we assume that

K (3.10)

a1 > 0. When ¢ < g2, the gauged ghost condensation reduces to the ghost condensation
and the dispersion relation becomes
2 OélM2 o

_ 2 a1 74 2 2
wt=— o, k= + Wk for ¢* < ¢g;. (3.11)




From the dispersion relation (B.1() it is easy to see that the NG boson coupled with
the U(1) field and gravity is stable if g2 > g2. On the other hand, for g? < g2, modes with
long wavelength are unstable. For a usual fluid with the background energy density po,

2 = cgk2 — w?,, where ¢, is the sound speed and w% = 47 G N po,

the dispersion relation is w
and long-scale modes with c2k? < w?] have instability called Jeans instability. The Jeans
instability is originated from the attractive nature of gravity, and is an important instability
rather than catastrophe since it contributes to the structure formation in the universe. The
long-scale instability indicated by the dispersion relation (B.10)) for g> < g2 is an analog of
the Jeans instability. In the limit ¢ < ¢2, from (B.11]) one can see that the length and

time scales characterizing the most unstable mode are

2
. Mp My

re~ L te~ g for 9* < g2, (3.12)

and are much longer than 1/M. For larger g (< g2), the length and time scales are even
longer.

Thus, the physical meaning of g. is the critical value of the gauge coupling below which
the NG boson exhibits the Jeans-like instability. For small gauge coupling ¢> < g2, the
attractive nature of gravity dominates over the repulsive U(1) gauge force. This is the
reason for the Jeans-like instability, which reflects the attractive nature of gravity. On the
other hand, for large gauge coupling g > g2, the repulsive nature of the U(1) gauge force
dominates over the attractive nature of gravity and the Jeans-like instability disappears.
Of course, even for g> < g2, the Jeans-like instability disappears in the expanding universe
if the Hubble expansion rate is large enough.

Gregory-Laflamme (GL) instability 9, Bd] of black brane solutions is a classical in-
stability in which the mass of the black brane tends to clump non-uniformly. Intriguingly,
as we shall point out in the following, there are a couple of similarities to the Jeans-like
instability of the NG boson explained above.

First, both instabilities are for long wavelength modes. Modes with wavelength shorter
than a critical length are stable in both cases. Indeed, the dispersion relation for the GL
instability is qualitatively the same as (B.10) with g?> < g? as one can see from figure 1
of [B9] and figure 6 of [BQ]. Note that the momentum y along the world-volume of the black
brane must be replaced by \/ﬁ and the growth rate  must be replaced by v/—w? in order
to compare these two dispersion relations.

Second, both instabilities disappear when the Lorentz symmetry is recovered. The
recovery of the Lorentz symmetry corresponds to the limit M /Mp) — 0 in the above EFT
coupled to gravity, and in this limit the Jeans-like instability indeed disappears (r. — oo
and t. — o00) even for g < g2. On the other hand, as we shall see in section [ and
appendix [A], a non-extremal black brane tends to break the Lorentz symmetry along its
world-volume: a non-extremal black brane has a preferred frame in which it is at rest,
and a Lorentz boost even in the direction parallel to its world-volume does not preserve
the form of the metric. However, as we shall see explicitly for a four-parameter family of
black p-brane solutions, when the Lorentz symmetry is recovered, a black brane becomes
extremal and BPS-saturated. It is thought that extremal black p-branes are stable and



do not exhibit the GL instability [BJ]. Hence, the GL instability also disappears when the
Lorentz symmetry along the world-volume of the black brane is recovered.

Having seen these similarities, it is perhaps tempting to speculate that the GL insta-
bility of a non-extremal black brane might be interpreted as the Jeans-like instability of
the NG boson associated with the spontaneous Lorentz breaking along the world-volume of
the black brane. If this is true in some sense then we should expect close relations between
the NG boson 7 in the EFT and the mass density of the black brane since they are the
degrees of freedom exhibiting the instabilities. Similarly, the spatial components a; of the
U(1) gauge field should be related to the velocity field of the black brane mass density.
To confirm these expectations is far beyond the scope of this paper, but it is certainly
worthwhile investigating these expected relations by detailed analysis.

In summary, if the gauge coupling in the gauged ghost condensation is smaller than a
critical value then the NG boson coupled with gravity exhibits a Jeans-like instability for
long wavelength modes as in the ghost condensation [§]. We have pointed out similarities
between the Jeans-like instability of the NG boson and the Gregory-Laflamme (GL) insta-
bility 29, B(] of black branes and speculated possible correspondence between these two
instabilities.

4. Non-extremal black brane and Lorentz breaking

As already mentioned in the previous section, a black brane can break the Lorentz sym-
metry along its world-volume. This is due to different radial dependence of the time-time
and space-space components of the metric. Hence, it is tempting to seek a setup in which
a black brane leads to a Higgs phase of gravity in our 4-dimensional world. For this pur-
pose, it is necessary to embed our 4-dimensional world parallel to the world-volume of
the black brane. This inevitably leads us to consider braneworld scenarios, in which our
4-dimensional world is supposed to be a brane in a higher dimensional bulk spacetime.

In braneworld scenarios, branes other than our world can be included and some of
them might be black branes. Actually, in (higher-dimensional) general relativity, branes
with more than two codimensions tend to form black branes in the limit where their
thickness becomes sufficiently small. On the other hand, in the case of codimension-1,
the dynamics of a brane coupled with higher dimensional gravity is consistently described
by Israel’s junction condition [BJ] even in the thin brane limit. The thin brane limit of
codimension-2 objects is more subtle. If the higher-dimensional geometry surrounding a
codimension-2 brane is axisymmetric and if the brane energy momentum is that of vacuum
energy, or tension, then gravity around the brane in the thin brane limit is consistently
described by a deficit angle. However, if either of the two conditions (the axisymmetry
in the bulk and the brane energy momentum of vacuum energy type) is violated then the
description breaks down. For codimensions more than two, there is no well-defined thin
brane limit in (higher-dimensional) general relativity and a brane tends to form a black
brane.

As already stated, it often happens that a black brane breaks the Lorentz symmetry
along its world-volume. This is essentially because a black brane has a preferred frame in

,10,



which it is at rest and a Lorentz boost even in the direction parallel to its world-volume
does not preserve the form of the metric. In other words, the time-time component and
the space-space components of the metric depend differently on the radial coordinate.

In appendix [A] we consider a simple example in which we can explicity see the Lorentz
breaking along the world-volume of a black brane. We investigate a four-parameter family
of p-brane solutions (p = 3,4,5,6) in type II A/B supergravity. It is shown that the
regularity of the horizon sets two independent constraints on the parameters of the solutions
and, thus, reduces the four-parameter family of solutions to a two-parameter family. As
a result, a regular non-extremal black p-brane in the family of solutions always breaks
the (p + 1)-dimensional Lorentz symmetry along its world-volume. On the other hand,
the p-dimensional spatial rotational invariance and the (p + 1)-dimensional translational
invariance are preserved. Intriguingly, the Lorentz symmetry is restored if and only if the
black brane becomes extremal and BPS-saturated.

We expect that this connection between the non-extremality and the Lorentz breaking
should hold in more general situations. Thus, a non-extremal black brane may be used as
a source of spontaneous Lorentz breaking and may lead to a Higgs phase of gravity.

5. Setup in string theory

M/string theory has been considered as a strong candidate for a unified theory of funda-
mental physics. Its mathematical consistency and beauty have been attracting interest of
many physicists. On the other hand, one of its drawbacks is lack of direct experimental
or observational evidence of such a structure at high energies. Having this situation, it
seems rather natural to turn our eyes to cosmology and look for cosmological implications
of M/string theory since the universe is supposed to have experienced a high energy epoch
at its early stage.

In order to realize realistic cosmological scenarios in string theory, one of the most
important issues is the moduli stabilization. In the context of the type IIB superstring
theory, Kachru, Kallosh, Linde and Trivedi (KKLT) [B4] stabilized all moduli by using
various fluxes and non-perturbative corrections to the moduli potential. Thus, this is a
good starting point for cosmology in string theory.

In the KKLT setup anti-D3-branes play an essential role. Inclusion of anti-D3-branes
at the bottom of a warped throat uplifts stable AdS vacua with negative cosmological
constant to meta-stable de Sitter or Minkowski vacua with positive or zero cosmological
constant in a theoretically controllable way. Without anti-D3-branes or other alternative
sources such as a D7-brane with non-zero flux inside its world-volume [B5, Bg], we would
end up with a negative cosmological constant, which is inconsistent with observations.

In this section we consider a situation in which the anti-D3-branes at the bottom of a
warped throat may be described by a black brane and spontaneously break a part of the
Lorentz symmetry along its world volume.

Before going into the setup, however, let us list what we have learned from various
considerations in the previous sections.
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(a) The structure of the low energy effective field theory (EFT) of gauged ghost conden-
sation is determined solely by the symmetry breaking pattern. Thus, all we have to

do is to find a setup realizing the same symmetry breaking pattern.

(b) Similarities between the Jeans-like instability of the Nambu-Goldstone (NG) boson
and the Gregory-Laflamme (GL) instability of black branes suggest using a black
brane.

(¢) A non-extremal black brane tends to spontaneously break the Lorentz symmetry
along its world-volume.

(d) In order for a black brane to break the Lorentz symmetry in our world, our world
must be parallel to the world-volume of the black brane. This inevitably leads us to

consider a braneworld scenario.

(e) In (higher-dimensional) general relativity, branes with codimensions more than two
tend to form black branes when the brane thickness is sufficiently small. The string
theory version of this statement is the correspondence principle for stringy objects
and black objects [B].

These suggest a braneworld scenario with a black brane parallel to our brane.!. Consistent
braneworld scenarios in string theory can be constructed in the KKLT setup of warped flux
compactification, which realizes de Sitter vacua in string theory. Thus, we shall start with
the warped flux compactification and seek a condition under which the correspondence
principle [B] states that a black brane should form. In the setup, the world-volume of the
black brane shall be parallel to a brane representing our world.

We consider the KKLT setup of Type IIB compactification with NS-NS and R-R fluxes.
One begins with a warped throat generated by fluxes [B9] and glues it to a bulk Calabi-
Yau 3-fold to have compact extra dimensions [[i(J. The volume of the internal space is
stabilized by non-perturbative effects such as D-instantons [[J]]. Since the 4-dimensional
cosmological constant for this supersymmetric configuration is negative, KKLT [B4] adds
anti-D3-branes at the tip of the warped throat and explicitly breaks supersymmetry to
uplift the AdS vacua to meta-stable de Sitter vacua. Even if anti-D3-branes are initially
placed at some other places in the internal space, they feel attractive force towards the tip
of the throat because of the non-BPS nature of the configuration [iJ]. Hence, the anti-D3-
branes fall towards the tip and finally settle there because of the Hubble friction due to
expansion of the 4-dimensional universe [13].

The geometry deep inside the warped throat is approximated by the Klebanov-Strassler
(KS) solution [BY]. The bottom of the KS throat is actually not a point but has the topology
R* x 53, where R? represents the 4-dimensional universe and the radius of the S is of order
V/gsM s, where M is an integer representing a quantized flux around the S* [[4]. Thus,

!Similar attempts in the context of higher-dimensional general relativity require violation of the null
energy condition or inclusion of naked singularities other than branes with codimension one [@, @] Our
setup includes branes with higher codimensions as well as non-perturbative effects, which were not included
in those attempts.
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if gsM > 1 then the curvature of the geometry is everywhere small and the supergravity
approximation is justified. Throughout this paper we assume this condition. In order for
the string perturbative expansion to be valid, we require g5 < 1 as well. In summary, we
assume that

gsM >1, gs < 1. (5.1)

Note that this configuration is only meta-stable. The anti-D3-branes can annihilate
with the D3 charge induced by the background fluxes via quantum tunneling. Therefore,
the configuration lasts for only a finite duration although the lifetime can be made longer
than the age of the universe.

5.1 Moduli stabilization

For this setup to work it is important to make sure that the KKLT type moduli stabilization
is valid. We have to stabilize both complex structure moduli and K&hler moduli in the
system. Since all complex structure moduli are stabilized by fluxes, in this subsection we
consider stabilizing Kéhler moduli. In the following, for simplicity we shall consider only
one Kéhler modulus. We make a comment on the possibility of having many Kéhler moduli
in the end of subsection f.3.

The supersymmetric contribution to the potential for the volume modulus ¢ combined
with the axion « is specified by the Kéahler and super potentials of the form

K =-3log(T+T), W =W+ Ae T, (5.2)

where T = o0 + ia. As in the original KKLT setup, we uplift the AdS vacua to de Sitter
vacua by introducing anti-D3-branes, which adds a non-supersymmetric contribution of

the form o
sV - P p_ 201N (5.3)
(T+1)2 m2gd
where o i
T
ap ~ exp (— 3 M) (5.4)
S

is the warp factor at the bottom of the throat. The total potential for o (with a = 0) is

D

aAe % [(caA
= (— PR (5.5)

2 e—aa+W0+Ae—aa> +

For example, as shown in figure fl, D/A? = 10~ with Wy /A% = —0.1107, a = 7/87 gives
a moduli potential with a meta-stable de Sitter vacuum. For validity of the geometrical
description, it is important to make sure that a local minimum of the potential is at a
sufficiently large value of the volume modulus o. The example shown in figure [ has a local
minimum at ¢ ~ 100, which is large enough.

We would like to make the coefficient D of §V sufficiently small so that the moduli
potential with the non-supersymmetric correction has a local minimum at large enough o.
On the other hand, as we shall see in subsection .3, we would like to consider a large N3
so that the anti-D3-branes form a black brane. Since D aéﬁg, the large N3 threatens

,13,



14
12
v 08
06-
04
02-

0O g0 100 120 140 160 180 200
ReT

Figure 1: The moduli potential (multiplied by 10°) for D/A? = 10=%, Wy/A? = —0.1107 and
a = 7/87. There is a meta-stable minimum at o ~ 100.

validity of the moduli stabilization while the exponential dependence (5.4) of ag on the
fluxes will certainly help reducing D.

Note that one cannot make the warp factor ag arbitrarily small since the number of
branes and fluxes must satisfy the tadpole condition

N X
—N3+ MK = = 5.6
3+ 24’ ( )
where y is the Euler characteristics of the Calabi-Yau fourfold [i(]. Ref. [A5] lists examples
of Calabi-Yau fourfolds in the range

—240 < x < 1820448. (5.7)

As far as the author knows, there is no argument prohibiting Calabi-Yau fourfolds with
larger x. However, for concreteness, we restrict our considerations to the range (f.7).
The tadpole condition (f.6) combined with the inequalities (5.7) and (p.1) implies that K
cannot be arbitrarily large for a fixed N3. This means that the warp factor given by (F.4)
cannot be arbitrarily small. Therefore, in order to make D to have a small value, we must
carefully choose parameters (N3, M, K, g5) so that all consistency conditions are satisfied.
In subsection we shall see that this is indeed possible.

5.2 A tale of anti-D-branes

As already stated, anti-D3-branes or other supersymmetry-breaking branes at the tip of
a warped throat is one of the essential ingredients of the type IIB warped flux compacti-
fication. Without those branes, we would end up with a negative cosmological constant,
which is inconsistent with observations.
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The anti-D3-branes are distributed over the S® at the bottom of the warped throat,
but should feel slight attractive force towards each other since supersymmetry is broken
and the attractive gravitational force is not completely canceled by the repulsive R-R force.
Thus, in the end, they should gather and form a bound object. The gravitational radius
of the bound object made of N3 anti-D3-branes should be?

R, ~ (47gsN3) 4 1. (5.8)

It is thought that the system of anti-D3-branes should relax to a non-supersymmetric NS
5-brane “giant graviton” configuration [@]_ The NS 5-brane is wrapped on a S? inside
the internal S® and carries anti-D3 charge N3 coming from a world-volume magnetic flux.

This configuration is classically stable for

N3
3 2008 5.9
a7 < 008, (5.9)

but can quantum-mechanically tunnel to a supersymmetric vacuum. The decay rate is

(5.10)

27 4bl2 MG
I~ il exp <_% |

64V
where by ~ 0.93266. Being conservative,? if we suppose Iy ~ ;ll then I' < Hy ~
10751 Mp; requires that

> 8. (5.11)

This condition is easily satisfied. For this reason, we consider the NS 5-brane state as a
starting point of our discussion. The radius of the S? on which the NS 5-brane is wrapped
is

27‘(‘W3
Rgo = 3 [g ML, 5.12
52 bgM g ( )

5.3 What does the correspondence principle require?

We shall now seek the condition under which the anti-D3-branes at the tip of the warped
throat should be described by a non-extremal black brane, based on the correspondence
principle for D-branes and black branes [B1].

Roughly speaking, the correspondence principle says that a stringy object and the
corresponding black object with the same charges are different descriptions of the same
object. The black object is a better description if the gravitational radius is larger than
the size of the stringy object. Thus, in order for the anti-D3-branes to be described by
a black brane, the gravitational radius R, given by (b.§) must be greater than both the

2To be precise, this Ry is the gravitational radius for a BPS-saturated, isolated stack of anti-D3-branes.
However, (@) is expected to be reasonably accurate, provided that the minimum length scale v/gsM s
of the throat geometry is sufficiently longer than the R,;. This condition is actually satisfied for the
examples (p.14)) and ()

3Tf 1, is longer then this condition becomes weaker.
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string scale [; and the radius Rg2 of the non-supersymmetric NS 5-brane “giant graviton”
configuration given by (p.19). Therefore, hereafter, we impose the condition

R, 2 Rg2, Ry 2 ls. (5.13)

Under this condition, according to the correspondence principle for D-branes and black
branes [BI], the bound object of N3 anti-D3-branes should be described by a black brane.
Note, however, that this configuration cannot be a BPS saturated state since supersym-
metry is explicitly broken in the present setup. Therefore, we conclude that this must be
a non-extremal black brane.

We now see that there is a range of parameters in which the condition (f.13) is com-
patible with the KKLT-type moduli stabilization. Again, for concreteness, we adopt the
range (b.7) for the Euler characteristics of the Calabi-Yau fourfold. The goal is to find
a set of parameters (N3, M, K, gs) which satisfies (5.13), (5.9), (1)), (B.1) and (5.7
simultaneously and which gives an sufficiently small value of the coefficient D of V. Here,
x should satisfy the tadpole condition (f.6) and D is given by the formula (f.3). This is
indeed possible. For example,

Ny =22, M=553, K=131, g,=0.1 (5.14)

satisfy all conditions, leading to

D
ap ~T7x 1073, o~ 1074, y = 1738104, (5.15)
3
and ) )
R l
SQ ~J ~
7 1, R—% ~ (.19 . (5.16)

This value of D is small enough that the anti-D3-brane contribution to the moduli potential
is under control. Indeed, this value roughly corresponds to the value used in figure [| if
A? ~ T3. Another example is

N3 =14, M =397, K =180, gs=0.2, (5.17)

which corresponds to

D
ap~9x 1073, = 1075, x = 1714704, (5.18)
3
and ) )
R l
52 ~Y ~
7 1, R_Sg ~0.17 . (5.19)

Note that there is no argument prohibiting y larger than (b.7). If Calabi-Yau fourfolds
with larger y are found then it will be easier to satisfy all the consistency conditions.

In summary, if the number of anti-D3-branes N3, the flux number M and the string
coupling g satisfy the condition (5.13) then the type IIB warped flux compactification
should include a non-extremal black brane at the bottom of a warped throat. As shown
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explicitly, it is possible to find a set of parameters for which the condition (f.13) is com-
patible with the KKLT-type moduli stabilization.

Note that the gravitational radius R, in the above examples is not large enough to
make classical description of the black brane reliable. Indeed, since [2 /RZ ~ 20%, we
should expect o-corrections of order 20% or so. We suppose that those o/-corrections do
not accidentally restore the symmetry broken in the classical level and that the Lorentz
symmetry along the world-volume of the black brane remains spontaneously broken. In
the next subsection we shall introduce another brane parallel to the world-volume of the
black brane and consider it as our 4-dimensional universe. At the position of our brane
the o/-corrections should be negligible and the geometry can be treated classically if it is
sufficiently far from the black brane.

Note also that, while we have considered stabilizing only one Kahler modulus, in
general the number of Kéhler moduli is not just one. Indeed, Calabi-Yau fourfolds with
large Euler number, which we have considered, tend to have many Kéhler moduli. As a
result, rigorous treatment of Kihler moduli stabilization is rather involved. (See e.g. [[f],
where 51 Kéhler moduli are stabilized.) In the above analysis, following KKLT and other
works in the literature, we have considered only one Kéahler modulus and have seen how
difficult it is to achieve stabilized models. In particular, we have seen that the moduli
stabilization sets strong constraints on the model parameters (N3, M, K, gs) other than
those directly related to the Kéahler moduli stabilization (Wj, A, a). Since inclusion of all
other Kéhler moduli certainly complicates the analysis, at this moment we do not know
whether inclusion of them strengthens or weakens the constraints on the former set of model
parameters (N3, M, K, g;). With a large number of Kihler moduli, we will certainly have
extra parameters as well as extra stability conditions. Further studies towards complete
analysis of moduli stabilization are certainly worthwhile pursuing.

5.4 Lorentz breaking on our brane

We now introduce another brane as our universe and arrange it to be parallel to the world-
volume of the black brane. Our brane may be placed either in the bulk region, where the
warp factor is of order unity, or in another throat.

If the KKLT type moduli stabilization is valid then this configuration allows the in-
duced geometry on our brane to be maximally symmetric, either Minkowski or de Sitter.
Judging from what happens in the Randall-Sundrum type braneworld cosmology [Eq-pH],
one might expect that the black brane would behave as “dark radiation” [FJ| and that
the 4-dimensional universe would expand like radiation-dominated one. However, since all
moduli are stabilized, this expectation is not correct and the black brane is indistinguish-
able from the 4-dimensional cosmological constant from the viewpoint of the gravitational
source driving the homogeneous, isotropic evolution of the 4-dimensional universe. In
the Randall-Sundrum type setup without radion stabilization, the scale factor of the 4-
dimensional universe on the UV brane would be the radial position of the UV brane in
the 5-dimensional AdS-Schwarzschild geometry [F]. In this language the expansion of the
universe would be due to the motion of the brane away from the black brane. The effect
of the black brane on the UV brane would be diluted as the UV brane moves away, and
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this is the reason why the effective energy density of the "dark radiation” scales as 1/a*
in accord with the radial dependence of the projected Weyl tensor [5f]. On the other
hand, in the present setup all moduli are stabilized. Thus, the shape and the size of the
internal space do not change significantly as the universe expands. Since both the black
brane and our brane are located in the internal space, this means that there is no way to
dilute the influence of the black brane on our 4-dimensional universe. The black brane is
always there! (The Hawking radiation is negligible for tiny deviation from extremality.)
Thus, we are led to the conclusion that the effective 4-dimensional energy density induced
by the black brane cannot depend as strongly as the dark radiation on the scale factor of
the 4-dimensional universe. In other words, the effect of the black brane on our brane is
indistinguishable from a cosmological constant as far as homogeneous, isotropic evolution
of the 4-dimensional universe is concerned. Therefore, the 4-dimensional universe should
admit maximally symmetric solutions, either Minkowski or de Sitter spacetime.

The non-extremal black brane breaks the Lorentz symmetry along the world-volume
down to the spatial rotational invariance and the spacetime translational invariance. This
is due to different radial dependence of the time-time and the space-space components of
the black brane metric. Intuitively, this is because the black brane has a preferred frame
in which it is at rest. Since the brane representing our 4-dimensional world is parallel to
the world-volume of the black brane, the Lorentz symmetry in our 4-dimensional world is
spontaneously broken by the existence of the black brane but the spatial rotational invari-
ance and the spacetime translational invariance are still preserved. Note again that the
induced metric on our brane is Minkowski or de Sitter even though the Lorentz symmetry
is broken. This leads to a Higgs phase of gravity in our world.

5.5 Horizon modes and (locally) localized gravity

Suppose that the warp factor on our brane is much larger than the small warp factor near
the black brane. This is indeed the case if our brane is located in the bulk region, where
the warp factor is of order unity, or in another throat shorter than the black brane throat.

In this case, due to the (locally) localized gravity phenomenon [7, b, the overlap of
the graviton zero mode with modes localized near the black brane horizon is exponentially
suppressed compared with the overlap with matter on our brane. This is because the
overlap is controlled by the warp factor. Therefore, gravity on our brane is essentially
unaffected by modes localized near the black brane.

The black brane horizon should change the boundary condition for 10-dimensional
fields near the tip of the warped throat and modify the Kaluza-Klein (KK) spectrum
significantly. In a sense, this is analogous to what happens in the ’t Hooft’s brick wall
model for black hole entropy [B9, B0]. Because of the infinite blue-shift at the horizon,
modes with finite frequencies measured from a distance can have arbitrarily high local
frequencies near the horizon. Therefore, there can be infinite number of extra modes
associated with the presence of the horizon. The 't Hooft’s proposal was to relate the
number of those extra modes to the black hole entropy. In the present setup, one might
think that those extra modes threaten the recovery of the 4-dimensional gravity since they
are expected to form a gapless mass spectrum.
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Nonetheless, those extra light modes localized near the black brane do not affect gravity
on our brane. We are considering a situation where the warp factor on our brane is much
larger than the warp factor near the black brane. Therefore, as explained above, due to the
(locally) localized gravity, those extra modes essentially do not interact with the graviton
zero mode nor with matter on our brane. Thus, 4-dimensional gravity should be recovered
on our brane.

The same reasoning implies that the scale of spontaneous Lorentz breaking on our
brane should be rather low compared with the fundamental scale. This is because Lorentz
breaking modes are localized near the black brane and, thus, has exponentially small overlap
with the graviton zero mode. Despite the tininess of Lorentz breaking, the Higgs phase of
gravity has dramatic consequences on gravity and cosmology in our world as reviewed in
the introduction.

6. Summary and discussion

As a step towards a Higgs phase of gravity in string theory, we have considered a braneworld
scenario with a black brane parallel to our brane. This is motivated by the following
observations. (a) The structure of the low energy effective field theory (EFT) of gauged
ghost condensation is determined solely by the symmetry breaking pattern. (b) Similarities
between the Jeans-like instability of the Nambu-Goldstone (NG) boson and the Gregory-
Laflamme (GL) instability of black branes suggest using a black brane. (c) A non-extremal
black brane tends to spontaneously break the Lorentz symmetry along its world-volume.
(d) In order for a black brane to break the Lorentz symmetry in our world, our world must
be parallel to the world-volume of the black brane. (e) In (higher-dimensional) general
relativity, branes with codimensions more than two tend to form black branes when the
brane thickness is sufficiently small.

The existence of the black brane horizon spontaneously breaks the Lorentz symmetry
on our brane but preserves the rotational and translational invariance. To investigate
moduli stabilization, we have considered a KKLT-type moduli potential and found sets of
parameters which realize stabilized moduli. We have also pointed out a possible obstacle
to the use of the KKLT-type moduli potential which stabilizes only one Kahler modulus:
our setup tends to include many Kéhler moduli and the complete analysis should be rather
involved. If the moduli stabilization remains valid after taking all Kdahler moduli into
account, then this setup leads to a Higgs phase of gravity in string theory and, thus, may
be considered as a UV completion of the gauged ghost condensation.

If the gauge coupling in the EFT of the gauged ghost condensation is small enough
then this setup reduces to the ghost condensation and the NG boson coupled to gravity
exhibits Jeans-like instability. We have speculated that the geometrical counter-part of
Jeans-like instability might be related to the GL instability of the non-extremal black
brane.

Having proposed a possible scenario towards a UV completion of the gauged ghost
condensation, let us now discuss physics beyond the low energy EFT. For example, this
geometrical setup may make it possible for us to think about transition from the symmetric
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phase to the broken phase. As described in subsection .9, N3 anti-D3-branes distributed
over the S§% at the bottom of the warped throat feel attractive force towards each other
and they form a bound object. Provided that g, < 1 and that gsNs > 1, initially the
gravitational radius of each anti-D3-brane is less than the string scale but the gravitational
radius of the final bound object is greater than the string scale. Therefore, as argued in
section p.3, while the stringy picture is a good description for the initial state, the black
brane picture is more relevant for the final state. Thus, this process can be considered
as gravitational collapse of a collection of anti-D3-branes to form a black brane. Before
the gravitational collapse, the 4-dimensional Lorentz symmetry is preserved. On the other
hand, the 4-dimensional Lorentz symmetry is spontaneously broken after the formation of
the black brane by gravitational collapse.

In this picture, the final state is stationary. This is the reason why the residual sym-
metry can include not only the 3-dimensional spatial diffeomorphism invariance but also
an unbroken U(1) gauge symmetry. In the limit g? < g2, the latter symmetry is translated
to a global shift symmetry in the EFT of the NG boson. Therefore, it is easy to infer how
we can break the shift symmetry. In the situation where g> < g2, if the non-extremal black
brane at the tip of the warped throat is not exactly stationary but time-dependent then
the shift symmetry is broken, while the 3-dimensional spatial diffeomorphism invariance
still remains. If the black brane is quasi-stationary then the breaking of the shift symmetry
should be very weak.

It is certainly worthwhile considering other nonlinear and/or UV issues beyond the
EFT. As an example, the UV completion might provide some new insight on nonlinear
dynamics of the NG boson triggered by the Jeans-like instability for the case g? < g2.
The endpoint of the GL instability is still a question under debate. It might be a small
black holes or a non-uniform black brane. In any case, according to our consideration,
the endpoint of the GL instability should correspond to the endpoint of nonlinear evolu-
tion of the NG boson triggered by the Jeans-like instability. Therefore, knowledge about
the endpoint of the GL instability might provide new insight on nonlinear dynamics of
gravity in the Higgs phase. In particular, this line of consideration might determine the
non-linear properties of an alternative to dark matter in the context of ghost condensa-
tion.

The way to end the ghost inflation is also an issue for which the UV completion might
be useful. In ref. [[f] it was assumed that the shift symmetry is broken locally so that an
inflationary de Sitter phase ends gracefully. In the EFT language, this can, for example,
be due to a phase transition in another sector triggered by the scalar field responsible for
the ghost condensate. In our UV completion, as discussed above, the shift symmetry is
broken if the black brane at the bottom of a warped throat is time-dependent. Thus, if the
black brane experiences a transition from an almost stationary phase to another almost
stationary phase then the shift symmetry is broken essentially in the transition period
only. Depending on the nature of the transition, the 4-dimensional effective cosmological
constant changes and the initial inflationary phase can end gracefully. The cause of the
transition may be a capture of another brane by the black brane, a merger of black branes,
and so on. There may be other possibilities to UV complete the idea of ghost inflation.
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Couplings to the matter sector is also worthwhile investigating in the geometrical
setup. In the EFT language, refs. [, Rg] listed allowed couplings between the (ungauged
or gauged) ghost condensate and the matter sector, and discussed physical consequences.
For example, the Lorentz- and CPT-violating Chern-Simon operator of the electromagnetic
field can be forbidden by imposing a discrete symmetry [f. It is certainly important to see
if the matter sector can be embedded with this kind of discrete symmetry in the present
geometrical setup.

As already stated many times, the ghost condensation can be obtained as the ¢ <
g% limit of the gauged ghost condensation, for which we have suggested a possible UV
completion. In the context of the EFT, this limit can be achieved by fine-tuning the gauge
coupling g. However, we do not yet know whether this limit of the geometrical setup really
exists or not. It is certainly worthwhile to express actual values of the coupling constant
g and the scale of symmetry breaking M in terms of the parameters of the geometrical
setup.
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A. Four-parameter family of black-brane solutions

We consider the Einstein-frame metric ds?,, the dilaton ¢ and the RR field C®*+1 of the
form

ds3y = —e2A0(m) g2 4 eQA(T)éijdxidmj + eQB(r)(dr2 + TQQS;p)dede"%
¢ = o(r),
p .
CPt) = —C(r) dt ] ] Ada, (A1)
i=1

wherei,j=1,---,p;m,n =p+2,---,9; and Qﬁﬁ;p)demden is the metric of the unit (8 —p)-
sphere. The RR field C®+1) s related to the RR field strength Fg_p, as Fy_, = e(3-P)0/2 4
dCP+1) for p = 4,5,6 and to the self-dual RR field strength F5 as F5 = (1/v/2)(dC'® +
xdC' (4)) for p = 3. In order to impose the regularity of the black brane horizon, the following
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expression for the Riemann tensor is useful.

Rtrtr — _( 6/_|_A62 —AGBI)€72B,

ir 2 —2Bi
R, = —(A" + A — A'B)e P,
R™ _ <B// > 72B(Sm
2
Rmnm/n/ = < > _QB - 5 571 )
Rtitj _ A/ A/ 2351
R = — A ( ) e 2P,
im —2B i ¢m
R, = < ) 950n s
ij _ 2 2B J i sj
RY,, =-A (6707, — 85,07,). (A.2)

The general solution to the type II A/B supergravity with this ansatz is obtained as a
four-parameter family of p-brane solutions [f1]. In the notation of [6J] the four-parameter
family is written as

Ao(r) = A(r) + 11nf (r),
flr) = et

A(r) = i = ){—pg?)cl%— {1+ (p_?’)Q] 03} h(r)

8(7—p)
_Topy [cosh(k h(r)) — o sinh(k h(r))],
B = = {00+ 252 [+ e+ 2 ] )
12t L [cosh(k h(r)) — ca sinh(k h(r)]
é(r) = 71_6p (p+ ey + 2 1 303] h(r)

—3 In [cosh(k h(r)) — c2 sinh(k h(r))],

B V3 — 1sinh(k h(r))
C(r) =+ cosh(k hQ(T)) — ¢g sinh(k h(r))’ (5-3)

where
L)
hlr) =1 [f+(7°) ’
o\~
fr(r)y =1+ (7()) g )
B ~ ~ 2
k::\/QS_;)—C?ﬁ(gQZ}Cﬁ?gp%) _%cg. (A4)
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The reality and regularity of the RR field in the region |7’gfp | <7r77P < oo require that k

and co be real and that cg > 1 and ¢y < —1 for Tgfd > 0 and ’I“gid < 0, respectively. In

order for k to be real, ¢; and c3 must satisfy ¢;— < ¢y < ¢py and c% < cgéaw, where

_ (p — 3)63 2 2p(c3rr2La:v _ C%)
1+ = — ;

4p+1) p+1 T—p
s 4+ 1)(8—p)
Camazr — p(7 — p) . (A5)

Let us first consider the case with rgfd > 0 (we shall consider the case with rgfp <0
later). In this case, for generic values of the parameters the Ricci scalar diverges at r = rq
(> 0). The leading term is R ~ Brry 2y ™7, where

-G
_ [+ =3, (p—3)%s  208-p)]  p+1
peiyin, ot ),

32 128 T—p 8
B = 2 OH/ T~ +1)/8] (o) | 1)~ (HD/B(7 _ )3

{ 16(8 —p)(p — 3)?

k,

(p—3)(p* —6p+1)

Topr Wt 1)(p* — 6p+ 1)cf — 5 c1c3
_a\2/,2 _
+ (p 3)1é1(97 = ;;lp 7) G+ (p-3)M4p+1a+ (- 3)03]k} , (A.6)

It is easy to show that v is positive and, thus, R indeed diverges at r = o unless g = 0.
By setting Gr = 0, we obtain

_ (p—3)c p_3 p(C T)’QLO,:B _02)
cl__4(p+1)3_p—|-1v 23(7—p)3' (A7)

With this value of ¢;, the leading behavior of the Kretchmann scalar K = RM ]1\(4/ N,RM /% N
near r =rg is K ~ 6K7°0_4y*27, where
3
Bre = 9 10+8/T-D)~+1)/4] (¢, 4 1y~(+1)/4 PP
p+1
{7])3 — T4p* + 375p — 5 4 648 —p)p—1) 4
(p+1)* ’ p+1 ’
8 +17)(8—p) » 16(8 —p)(23p® — 386p> + 1319p + 2304)
p+1 ’ (7 —p)?
4(p—1 15 — - 4 —p)?
1198 [ (p 303 (15—p)(8 p)cg (P+9)(8 21)) } k} ’
(p+1) (T-p)p+1) p(7—p)
1
k = g\/Qp(’? - p) (c?m%ax - C%) : (AS)

,23,



By requiring that g = 0, we obtain* c¢3 = —2. Therefore, the regularity of the horizon at
r = rg requires that

-3
P2 cg =—2 for ’I“gid > 0. (A.9)

The above analysis can be repeated for the case with Tgfp < 0. The leading behavior
of the Ricci scalar near r = |rg| is R ~ Br|ro| 2y~7, where 3z and 4 are 3 and ~ in (A.6)
with the replacement (c1,c2,c3) — (—¢1, —c2, —c3). Again, 7 is shown to be positive and
the regularity of the Ricci scalar at r = |rg| requires Sz = 0, which implies (A7) with
the replacement (cq,c3) — (—c1, —c3). With this value of ¢;, the leading behavior of the
Kretchmann scalar is K ~ g Iro| =4y 27, where Br is Bk in (A:g) with the replacement
(co,c3) — (—ca, —c3). Hence, by requiring BK = 0, we obtain

p—3 7—d
_ =2 f 0. A.10
2T c3 orry < ( )
T—d

We are now left with the two parameters r;~“ and co. The 10-dimensional Einstein-

Ccl =

frame metric is

7 2
ds?y = A" | - (f—_(r)> dt* + 6;jda’ da’
f1(r)

fa(r) = 1i<‘7;0’> :

+ B0 (dr? + 2QE Pdomden), (A1)

where

16 2 +(T‘) 2
_ —3)2 _(r
B0) = 7 (0700 - 6 (55
P [Lll (F0)) , Ltlesl (£l
IASTR { 2 (ﬁm)* 2 (()ﬂ (4.12)

—3 (1o (Fo()\? | 1+ ]es
o(r) = -2 ln[ <_ >+

4 2 +(r) 2 |
e VPR - F )
) = e +<1—|c2|)f (- (A.13)

Note that ¢; > 1 for rg P> 0and ¢ < —1 for rg P < 0. The two parameter solution

actually agrees with the black p-brane solution of ref. [6J] up to the coordinate transfor-
mation between the isotropic coordinate in the present analysis and the Schwarzschild-like

4For p = 1, ¢3 = 2 also satisfies Bx = 0. However, we need p > 3 to accommodate the 3-dimensional
spatial diffeomorphism of our 4-dimensional universe. Thus, we restrict our consideration to the cases with
p=3,4,5,6. In these cases s = —2 is the unique solution to 8x = 0.

— 24 —



coordinate in [p3). From this form of the metric, it is seen that, for rgfp = 0, the solution
has a p-dimensional spatial rotational invariance but does not have a (p 4+ 1)-dimensional
Lorentz symmetry. For rgfp = 0 with ¢y finite, the solution is trivial.

If we take the scaling limit rg_p — +0, cg — F00 with ¢ rg_p kept finite, the solution
reduces to the BPS Dp-brane:

e} ptl
ds?y = fo ° nudatdz’ + f,° (dr? +r?QE P domden),

p—3

¢ =f T
C==01-f", (A.14)

where p,v =0,1,---,p, 2% =t and

Ko

717——]2’ j2%) = QCQTg_p. (A15)

Jo=1+
In this limit the (p + 1)-dimensional Lorentz symmetry is restored but the extremality is
also recovered at the same time.

On the other hand, for generic values of the parameters rg_d and ¢y, the solution
does not possess the (p + 1)-dimensional Lorentz symmetry. Therefore, we conclude that
within the four-parameter family of solutions, a regular non-extremal black p-brane always
breaks the (p+ 1)-dimensional Lorentz symmetry along its world-volume but preserves the
p-dimensional spatial rotational invariance. Evidently, the (p+1)-dimensional translational

invariance along the world-volume is unaffected by the non-extremality.
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